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TOTALLY NONDEGENERATE MODELS
AND STANDARD MANIFOLDS
IN CR DIMENSION ONE
MASOUD SABZEVARI
ABSTRACT. It is shown that two Levi-Tanaka and infinitesimal CR automorphism algebras, associated with a
totally nondegenerate model of CR dimension one are isomorphic. As a result, the model surfaces are maxi-
mally homogeneous and standard. This gives an affirmative answer in CR dimension one to a certain question
formulated by Beloshapka.
1. PRELIMINARY DEFINITIONS AND RESULTS
For an arbitrary smooth real manifold M , an even rank subbundle T cM ⊂ TM is called an almost CR
structure if it is equipped with a fiber preserving complex structure map J : T cM → T cM satisfying
J ◦ J = −id. In this case, M is called an almost CR manifold of CR dimension n := 12 · (rankT
cM)
and codimension k := dimM − 2n. According to the principles in CR geometry ([2, 9]), the complexified
bundle C⊗ T cM decomposes as:
C⊗ T cM := T 1,0M ⊕ T 0,1M,
where:
T 1,0M :=
{
X − i J(X) : X ∈ T cM
}
and T 0,1M = T 1,0M . By definition, M is called a CR manifold with the CR structure T cM if T 1,0M is
involutive in the sense of Frobenius. Such CR manifold is called a generic submanifold of Cn+k if it can be
represented locally as the graph of some k defining functions f1, . . . , fk with ∂f1 ∧ . . . ∧ ∂fk 6= 0 (cf. [2]).
1.1. Totally nondegenerate CR manifolds of CR dimension one. Let M ⊂ C1+k be a real analytic
generic submanifod of CR dimension one, codimension k, and hence of real dimension 2 + k. As is known
([2, 8, 9]), the holomorphic subbundle T 1,0M ⊂ C ⊗ TM can be generated by some single holomorphic
vector field L . Set D1 := T 1,0M + T 0,1M and also define successively Dj = Dj−1 + [D1,Dj−1] for
j > 1. The iterated Lie brackets between the generators L and L of D1 induce a filtration:
D1 ⊂ D2 ⊂ D3 ⊂ . . .
on the complexified tangent bundle C ⊗ TM . Our distribution D1 is minimal or bracket-generating if for
each p ∈ M , there exists some (minimal) integer ρ(p) satisfying Dρ(p)(p) = C ⊗ TpM . Moreover, it is
regular, if the already mentioned function ρ is constant. In this case, the number ρ := ρ(p) is called the
degree of nonholonomy of the distribution D1.
Definition 1.1. (see [12, Definition 1.1]). An arbitrary (local) real analytic CR generic submanifold
M ⊂ C1+k of CR dimension one and codimension k is totally nondegenerate of the length ρ whenever
the distribution D1 = T 1,0M + T 0,1M is regular with the minimum possible degree of nonholonomy ρ. In
this case, we have the induced filtration:
(1) D1  D2  . . .  Dρ = C⊗ TM,
of the minimum possible length.
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The notion of total nondegeneracy has a close connection with the theory of complex free Lie algebras
(see [8, 12]). Clearly, in order to achieve the minimum length ρ of the above filtration, each subbundle
Dℓ \Dℓ−1 must contain maximum possible number of independent iterated Lie brackets between L and L
of the length ℓ, taking it into account that respecting the skew-symmetry and Jacobi identity is unavoidable.
This number, that we denote it by nℓ, is computable by means of the well-known Witt’s (inductive) formula
(cf. [8, Theorem 2.6]). By a careful inspection on the above definition, one verifies that the length ρ of our
k-codimensional totally nondegenerate CR manifold M is in fact the smallest integer ℓ satisfying:
(2) rankR(C⊗ TM) = 2 + k ≤ nℓ.
Moreover — as is the case with the free Lie algebras — no linear relation exists between the iterated brack-
ets of L and L in the lengths ≤ ρ−1, except those generated by skew-symmetry and Jacobi identity. Notice
that this rule entry into force until the length ρ− 1 and, by contrast, one may encounter unpredictable treat-
ments of iterated brackets in the lengths > ρ.
Thus, as a frame for the complexified bundle C ⊗ TM , the distribution Dρ is generated by the iterated
brackets between L and its conjugation L up to the length ρ. Following [12], let us show this frame by:
(3)
{
L1,1,L1,2,L2,3, . . . ,Lρ,2+k
}
where L1,1 := L , L1,2 := L and Lℓ,i is the i-th appearing independent vector field obtained as an iterated
bracket of the length ℓ.
In [3], Beloshapka showed that after appropriate weight assignment to the complex coordinates
(z, w1, . . . , wk), every k-codimensional totally nondegenerate submanifold of C1+k can be represented as
the graph of some k real analytic defining functions (cf. [12, Theorem 1.1]):
(4)


w1 = Φ1(z, z) + O([w1]),
.
.
.
wk = Φk(z, z, w) + O([wk]),
where [wj ] is the assigned weight to wj and where Φj is a weighted homogeneous complex-valued poly-
nomial in terms of z, z, wj and other complex variables w• of the weights [w•] < [wj ]. Moreover, O(t)
denotes some certain sum of monomials of the weights > t. In this case, the weight [wk] of the last variable
wk is equal to the length ρ of such CR manifold. Beloshapka also introduced:
(5) M :=


w1 = Φ1(z, z),
.
.
.
wk = Φk(z, z, w),
as a model of all k-codimensional totally nondegenerate manifolds, represented by (4). He also established
a practical way to construct the associated defining polynomials Φ• (see [3] or [12, §2]). These models are
all homogeneous, of finite type and enjoy several other nice properties ([3, Theorem 14]) that exhibit their
significance.
Convention 1.2. We stress that throughout this paper, we only deal with Beloshapka’s totally nondegenerate
CR models and, for the sake of brevity, we call them by ”CR models” or ”models”. From now on, we fix
the notation M for a certain totally nondegenerate model of CR dimension one, codimension k and length
ρ. Moreover, since we mainly utilize the results of [12] and as is the case with that paper, we also assume
that ρ > 3.
1.2. Symbol algebra. As we saw, the regular distribution D1 = T 1,0M+T 0,1M ofM induces the filtration
(1) of the minimum length ρ. Set g−1 := D1 and g−ℓ := Dℓ \Dℓ−1 for ℓ > 1. By definition, g−ℓ is actually
the vector space generated by all iterated Lie brackets between L and L of the precise length ℓ. As is
shown in [12, Proposition 3.2] (see also Remark 3.3 of that paper) and independent of the choice of the
points p ∈M that the above subdistributions Dj are taken on them, the vector space:
g− := g−ρ ⊕ . . . ⊕ g−1
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equipped with the standard Lie bracket of vector fields is essentially a unique ρ-th kind graded Lie algebra
of dimension 2+k, satisfying [g−i, g−j ] = g−(i+j). This algebra is fundamental, that is: it can be generated
by means of the Lie brackets between the elements of g−1. In this case, the regular distribution D1 is called
of constant type g− and, moreover, g− is called by the symbol algebra of M . We emphasize that the Lie
algebra g− and the distribution Dρ are actually two equal spaces of which the former is regarded as a Lie
algebra while the latter is regarded as a frame for the complexified bundle C⊗ TM .
1.3. Lie algebras of infinitesimal CR automorphisms. Let {Γ1,1,Γ1,2, . . . ,Γρ,2+k} to be the (lifted)
coframe, dual to (3), of an arbitrary totally nondegenerate CR manifold of codimension k which is bi-
holomorphic (or CR-diffeomorphic) to M . Recently in [12], we have studied — by means of ´Elie Cartan’s
classical approach — the problem of biholomorphic equivalence to M and found its associated constant
type structure equations as:
(6)

 dΓℓ,i = (ni α+ n˜i α) ∧ Γℓ,i +
∑
ℓ1+ℓ2=ℓ
cij,n Γℓ1,j ∧ Γℓ2,n (ℓ=1 , ... , ρ, i=1 , ... , 2+k),
dα = 0,
dα = 0,
where cij,ns are some constant integers and where ni and n˜i, visible among the expression of dΓℓ,i, are
respectively the number of appearing L1,1 and L1,2 in constructing Lℓ,i as an iterated bracket of them.
Moreover, α and α are two certain Maurer-Cartan 1-forms added after prolongation steps of the method.
Occasionally, it is possible to have these forms as real, i.e. α = α, depending upon the CR model M , under
study ([12]).
As is known ([9, 12]), if the final structure equations of an equivalence problem to a certain r-dimensional
smooth manifold M equipped with some lifted coframe {γ1, . . . , γr} is of the constant type:
dγk =
∑
16i<j6r
ckij γ
i ∧ γj (k=1 ··· r),
then M is (locally) diffeomorphic to an r-dimensional Lie group G, where its corresponding Lie algebra g
has the basis elements {v1, . . . , vr} — corresponding to {γ1, . . . , γr} — with the structure constants:
[
vi, vj
]
= −
r∑
k=1
ckij vk (16 i < j 6 r).
We discovered in [12] that the Lie algebra g associated with the final structure equations (6) is actually the
desired Lie algebra autCR(M) of infinitesimal CR automorphisms of M . In order to realize the structure
of this algebra through the above discussion, let us associate vℓ,i to the 1-form Γℓ,i for ℓ = 1, . . . , ρ and
i = 1, . . . , 2 + k and also associate v0 and v0 to α and α as the basis elements of autCR(M). Clearly in the
case that α = α we will have v0 = v0.
Proposition 1.3. (cf. [12, Proposition 6.1]). The Lie algebra autCR(M) is graded of the form:
autCR(M) := g−ρ ⊕ . . . ⊕ g−1︸ ︷︷ ︸
g−
⊕ g0,
satisfying [g−i, g−j ] = g−(i+j), for i, j = 0, . . . , ρ, where g− is (isomorphic to) the (2 + k)-dimensional
symbol algebra of M , where each homogeneous component g−ℓ is constructed by the basis elements vℓ,i
and where g0 is an Abelian Lie subalgebra of dimension either 1 or 2, generated by v0 and v0. The Lie
brackets between these basis elements are determined by the constant type structure equations (6).
Definition 1.4. A graded Lie algebra g :=
⊕
i∈Z gi is transitive whenever [xi, g−] 6= 0 for each nonzero
element xi ∈ gi with i > 0. Also, it is nondegenerate if [x−1, g−1] 6= 0 for each nonzero element x−1 ∈ g−1.
Proposition 1.5. The Lie algebra autCR(M) = g− ⊕ g0 is nondegenerate and transitive.
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Proof. As is known (cf. [7, p. 201]), every prolongation of the symbol algebra associated with a Levi
nondegenerate CR manifold is nondegenerate. Total nondegeneracy of M implies its Levi nondegeneracy
and hence autCR(M), as a prolongation of the symbol algebra g−, is nondegenerate. In order to prove that
it is transitive, we have to check possible Lie brackets between the generators v1,1, v1,2 of g−1 and v0, v0 of
g0 by looking for the wedge products between Γ1,1,Γ1,2 and α,α throughout the structure equations (6).
Such products exist only in the structure equations dΓ1,1 and dΓ1,2. First let us consider the case α 6= α,
where we have:
dΓ1,1 = α ∧ Γ1,1 and dΓ1,2 = α ∧ Γ1,2.
This implies that:
(7) [v0, v1,1] = −v1,1, [v0, v1,2] = 0,
[v0, v1,1] = 0, [v0, v1,2] = −v1,2.
For the case α = α, the subalgebra g0 is generated by the single element v0 and the above equations give:
(8) [v0, v1,1] = −v1,1, [v0, v1,2] = −v1,2.
In any case, one observes that the Lie algebra autCR(M) is transitive, as was expected. 
1.4. Tanaka prolongation and standard manifolds. In [14], Noboru Tanaka showed that associated with
each finite dimensional fundamental graded algebra m :=
⊕
−µ6i6−1mi, there exists a unique, up to iso-
morphism, Lie algebra g(m) :=
⊕
i>−µ g
i(m), satisfying:
(i) gi(m) = mi, for each i = −µ, . . . ,−1.
(ii) g(m) is transitive.
(iii) g(m) is the maximal Lie algebra with the above two properties.
This algebra is known as the (full) Tanaka prolongation of m. He also established a practical method to
construct successively the components gi(m) (cf. [1, 7, 10, 11, 14]). In particular, the zero component
g0(m) is the collection of all derivations d : m→ m that preserve the gradation, i.e. d(m−1) ⊂ m−1.
Definition 1.6. A graded Lie algebra m :=
⊕
i<0 mi is said to be pseudocomplex (or CR) if there exists
some complex structure map J : m−1 → m−1 satisfying J ◦ J = −id and:[
x−1, y−1
]
=
[
J(x−1), J(y−1)
]
, for each x−1, y−1 ∈ m−1.
In the case that the graded fundamental algebra m :=
⊕
−µ6i6−1mi is pseudocomplex, one defines as
follows the so-called Levi-Tanaka prolongation G (m) :=
⊕
−µ>i G
i(m) of m, essentially as a transitive
subalgebra of g(m): first, for each i 6 −1, set G i(m) := mi. By definition, the zero component G 0(m) is
the collection of all derivations d ∈ g0(m) that respect the associated complex structure map J , i.e.
(9) d(J(x−1)) = J(d(x−1)), for each x−1 ∈ m−1.
The Lie bracket between two elements d ∈ G 0(m) and x ∈ mi is defined as [d, x] := d(x). Assuming
that the components G l′(m) are already constructed for any l′ 6 l − 1, the l-th component G l(m) of the
prolongation consists of l-shifted graded linear morphisms m→ m⊕G 0(m)⊕G 1(m)⊕· · ·⊕G l−1(m) that
are derivations, namely:
G
l(m) =
{
d ∈
⊕
k6−1
Lin
(
G
k(m), G k+l(m)
)
: d([y, z]) = [d(y), z] + [y, d(z)], ∀ y, z ∈ m
}
.
Now, for d ∈ G k(m) and e ∈ G l(m), by induction on the integer k + l > 0, one defines the bracket
[d, e] ∈ G k+l(m)⊗m∗ by:
[d, e](x) =
[
[d, x], e
]
+
[
d, [e, x]
]
for x ∈ m.
In the case that m := g− is the symbol algebra of a certain manifold M, then G (m) is called the Levi-
Tanaka algebra of M.
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For the Lie algebra autCR(M) = g− ⊕ g0, associated with our fixed CR model M , the Lie brackets
between the basis elements v1,1, v1,2 of g−1 and v0, v0 of g0 are presented in (7) and (8) in two possible
cases of α 6= α and α = α. For some technical reasons, we substitute these basis elements with:
for g−1 : x := v1,1 + v1,2, y := i (v1,1 − v1,2),
for g0 :
{
d := v0 + v0, r := i (v0 − v0), where α 6= α,
d := v0, where α = α.
Then, according to (7) and (8) we have:

[d, x] = −x, [d, y] = −y, [r, x] = −y, [r, y] = x where α 6= α,
[d, x] = −x, [d, y] = −y where α = α.
Furthermore, let us define the complex structure map J : g−1 → g−1 by J(x) = y and J(y) = −x.
Proposition 1.7. Assume as before that autCR(M) = g− ⊕ g0. By the already defined complex structure
map J , the symbol algebra g− of M is pseudocomplex. Moreover, we have g0 ⊆ G 0(g−).
Proof. By the above definition of J , one readily verifies that for two basis elements x, y of g−1 we have
[x, y] = [J(x), J(y)] which implies that g− is pseudocomplex. For the second part of the assertion, first
notice that according to Proposition 1.5, autCR(M) is transitive and hence, by definition, it is a subalgebra
of the Tanaka prolongation g(g−) =
⊕
−ρ>i g
i(g−). Consequently we have g0 ⊂ g0(g−). Then it suffices
to show that the elements of g0 respect the above complex structure map J . In other words, we have to
show that J([D ,X ]) = [D , J(X )] for D = d, r and X = x, y (cf. (9)). It needs just some elementary
computations that we leave them to the reader. 
1.5. Main result. After providing preliminary definitions and results, concerning the subject, now we are
ready to explain precisely the main aim of this paper. First we need the following two crucial definitions;
Definition 1.8. (cf. [7]). Let G (m) := ⊕i>−µ G i(m) to be the Levi-Tanaka prolongation of a pseudo-
complex fundamental Lie algebra m. Assume that G is the connected and simply connected Lie group with
the Lie algebra G (m) and also G+ is a closed analytic Lie subgroup of G with G+(m) :=
⊕
i>0 G
i(m) as
its Lie algebra. Then, the simply connected G-homogeneous space S(G (m)) := G
G+
is called the standard
manifold associated with the Levi-Tanaka prolongation G (m).
Remark 1.9. The above homogeneous manifold S(G (m)) = G
G+
is actually CR. To introduce its associated
CR structure, consider first the natural projection π : G → S(G (m)) and let e and o to be the identity
elements of the groups G and G
G+
. The CR structure T cS(G (m)) of S(G (m)) is defined at the identity as:
T co S
(
G (m)
)
:= π∗(m−1).
Now, at each arbitrary point π(g) of S(G (m)), the desired CR structure is defined as the translation of the
above fiber T co S
(
G (m)
)
, from the identity o to it, through the left multiplication map Lg, i.e.
T cπ(g) S
(
G (m)
)
:= Lg∗
(
T co S(G (m))
)
.
Roughly speaking, this CR structure is indeed the extension of m−1 to arbitrary points of S(G (m)). It is
invariant by the action of G on S(G (m)). For more details, we refer the reader to [7, §4].
An arbitrary CR manifold is standard if it is biholomorphic to a certain standard CR manifold. We have
also the following — seemingly different but completely relevant — definition;
Definition 1.10. (cf. [6]). An arbitrary Levi nondegenerate CR manifold M with the symbol algebra m is
maximally homogeneous if dim autCR(M) = dimG (m).
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In [6], Medori and Nacinovich showed that a nondegenerate CR manifold M, regular of type m, is
maximally homogeneous if and only if it is biholomorphic to the associated standard manifold S(G (m)).
In 2004, Beloshapka formulated the question of whether his CR models are standard or not (see [3,
Question 2]). Our main aim in this paper is to answer this question affirmatively in CR dimension one.
More precisely, the main result of this paper is as follows;
Theorem 1.1. For each Beloshapka’s totally nondegenerate model of CR dimension one, two associated
Levi-Tanaka and infinitesimal CR automorphism algebras are isomorphic. As a result, such models are
maximally homogeneous and standard.
This result not only answers in part Beloshapka’s question but also provides infinitely many examples
of standard manifolds with the certain known geometric-algebraic structures. We prove this theorem at the
next section for CR models of the lengths ρ > 3 (cf. Convention 1.2). By this upcoming proof, it remains
only one model of which the correctness of the theorem should be proved in its case. It is nothing but the
length two model H ⊂ C2 of codimension one which is known as the Heisenberg sphere and is defined in
coordinates (z, w) of C2 as the graph of the following single polynomial equation:
w − w = 2i zz.
Both the Lie algebra autCR(H) and the Levi-Tanaka prolongation G (g−) associated to this exceptional
model are computed explicitly in [10, §§2, 3], where we found them as two isomorphic 8-dimensional graded
algebras. Accordingly, the equality autCR(H) = G (g−) is plainly satisfied in this case.
Remark 1.11. It is worth to emphasize that according to [3, Proposition 3], Beloshapka has proved (at least
implicitly) that every totally nondegenerate CR model M is diffeomorphic to the standard model associated
with its symbol algebra, as two smooth manifolds. But, anyway, in order to conclude that M is a standard
manifold we need to have the already mentioned diffeomorphism to be CR. Unfortunately, Beloshapka’s
result does not bring directly such desired feature and our main objective in the next section is actually to
prove it.
2. PROOF OF THEOREM 1.1
For our length ρ > 3 CR model M , Proposition 1.7 indicates that autCR(M) = g− ⊕ g0 is a subalgebra
of the Levi-Tanaka algebra G (g−). In this section we prove the reverse inclusion autCR(M) ⊇ G (g−).
In this case that the (−1)-component g−1 of the symbol algebra g− =
⊕
−ρ6i6−1 gi is of dimension two
and according to last subsection 5.6 of [7], G j(g0) is trivial for all j > 1. Thus, the Levi-Tanaka algebra
G (g−) associated with our CR model M is of the short form:
G (g−) = g− ⊕ G
0(g−).
Consequently, our problem reduces to prove the inclusion autCR(M) ⊇ G 0(g−).
Let AutCR(M) to be the connected and simply connected Lie group of all CR automorphisms of M ,
namely the collection of all automorphisms h : M →M satisfying h∗(T cM) = T cM . The associated Lie
algebra to this finite dimensional group is autCR(M). We also denote by Aut0(M) the connected isotropy
subgroup of AutCR(M) at the origin. All automorphisms belonging to this subgroup are linear ([12]) and its
associated Lie algebra is g0. Finally, let G− be the connected and simply connected Lie subgroup associated
with the symbol algebra g− of M . According to [3, Proposition 3], our CR model M is an AutCR(M)-
homogeneous space and there exists a certain diffeomorphism:
(10) Γ : M −→ AutCR(M)
Aut0(M)
= G− with Γ(0) = e,
where e is actually the identity element of G−.
Let us denote by AutJ(g−) the Lie group of all automorphisms of g−, preserving the gradation and
respecting the complex structure map J defined on the pseudocomplex algebra g−. According to Corollary
3, page 76 of [14] (see also [5, Proposition 1.120]), the associated Lie algebra to this group is the zero
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component G 0(g−) of the Levi-Tanaka algebra of M . On the other, in this case that G− is connected and
simply connected, two automorphism Lie groups Aut(G−) and Aut(g−) are isomorphic through the map:
Φ : Aut(G−) −→ Aut(g−)
f 7→ f∗e,
where f∗e is the differentiation of f : G− → G− at the identity element e (cf. [4]). Let AutJ(G−) ⊂
Aut(G−) contains all automorphisms f with f∗e ∈ AutJ(g−). Then, clearly we have:
Lemma 2.1. Through the above isomorphism Φ, two Lie groups AutJ(g−) and AutJ(G−) are isomorphic.
As a result, the Lie algebra associated with AutJ(G−) is G 0(g−).
We aim to show that the Lie group AutJ(G−) can be regarded as a subgroup of AutCR(M). As a result
of this claim, we have:
(11) Lie(AutJ(G−)) ⊆ Lie(AutCR(M)) or equivalently G 0(g−) ⊆ autCR(M),
as was desired. For this purpose and denoting by Aut(M) the collection of all (not necessarily CR) auto-
morphisms from M to itself, we define:
(12)
Ψ : AutJ(G−) −→ Aut(M)
f 7→ Γ−1 ◦ f ◦ Γ =: F
where Γ is the above diffeomorphism (10). Having f , as an automorphism of G−, and Γ as two certain
diffeomorphisms then Ψ(f), that we denote it by F henceforth, is an automorphism. We claim that;
Claim 2.2. F is a CR automorphism and hence belongs to AutCR(M).
In order to prove this claim, we need first the following auxiliary lemma;
Lemma 2.3. There exists two independent basis vector fields L1 and L2 of T cM such that both X1 := Γ∗(L1)
and X2 := Γ∗(L2), as two vector fields defined on G−, are left invariant.
Proof. Let L1 and L2 be two arbitrary generators of T cM and consider X1 := Γ∗(L1) and X2 := Γ∗(L2) as
two, not necessarily left invariant, vector fields defined on G−. As is known ([3, Proposition 4(c)]), the Lie
subalgebra g−1 of autCR(M) can be generated by x1 := X1(e) and x2 := X2(e). Now, assume that X˜1 and
X˜2 are the (unique) independent left invariant vector fields associated with x1 and x2, respectively. Let D1
to be the distribution on G− generated by X˜1 and X˜2 and define successively Dj := Dj−1 + [D1,Dj−1] for
j > 1. Since X˜1 and X˜2 are left invariant, the value of each iterated bracket between them at an arbitrary
point g ∈ G− is actually the translation of this value at e through the differential map Lg∗ of the left
multiplication by g, i.e.[
X˜i1 , [X˜i2 , [X˜i3 , [. . . , [X˜iℓ−1 , X˜iℓ ]]]]
]
g
= Lg∗
([
xi1 , [xi2 , [xi3 , [. . . , [xiℓ−1 , xiℓ ]]]]
])
, (ij =1 , 2).
This indicates that at each arbitrary point of G−, the filtration D1 ⊂ D2 ⊂ D3 ⊂ . . . has exactly similar
treatment as that at the identity element e. Consequently, at each arbitrary point g ∈ G−, the above filtration
induces the same fundamental symbol algebra g− generated by x1 and x2. Set L˜i := Γ−1∗ (X˜i) for i = 1, 2.
The subbundle T˜ cM generated by these two independent vector fields can be regarded as a certain CR
structure for M via the complex structure map J˜ : T˜ cM → T˜ cM defined by J˜(L˜1) := L˜2 and J˜(L˜2) :=
−L˜1. According to Theorem 3, page 109 of [2], determining a basis for the CR structure of an smooth
generic submanifold depends only upon its defining functions and hence T˜ cM and T cM are two equivalent
CR structures for M . Therefore, we can consider L˜1 and L˜2 as the basis elements of the CR structure of M
where their image vector fields X˜1 = Γ∗(L˜1) and X˜2 = Γ∗(L˜2) are left invariant on G−. 
Proof of Claim 2.2. Since F = Ψ(f) is a diffeomorphism, then it suffices to show that F∗(T cM) = T cM .
Let L1 and L2 be two basis vector fields of T cM such that X1 = Γ∗(L1) and X2 = Γ∗(L2) are left invariant,
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with X1(e) = x1 and X2(e) = x2 as the basis elements of g−1. By definition, since f ∈ AutJ(G−) then its
differentiation f∗e preserves the gradation and hence we have:
f∗e(x1) := a1 x1 + a2 x2, and f∗e(x2) := b1 x1 + b2 x2,
for some constant integers a• and b•. Now, since X1 and X2 are left invariant, then it yields that:
f∗(X1) := a1 X1 + a2 X2, and f∗(X2) := b1 X1 + b2 X2,
at each arbitrary point g ∈ G−. Consequently, f∗ preserves as well the subdistribution D1 := 〈X1,X2〉, i.e.
f∗(D1(g)) = D1(h), with h := f(g).
Let p ∈M , with Γ(p) = g and f(g) = h. Since Γ∗(T cM) = D1, then we have:
F∗(T
c
pM) = Γ
−1
∗h ◦ f∗g ◦ Γ∗p(T
c
pM)
= Γ−1
∗h ◦ f∗g(D1(g)) = Γ
−1
∗h (D1(h))
= T cF (p)M.
This completes the proof. 
Consequently, we can take the map Ψ, introduced in (12) as:
Ψ : AutJ(G−) −→ AutCR(M).
One also readily verifies that this map is actually an injective Lie group homomorphism. Therefore, we can
regard AutJ(G−) as a Lie subgroup of AutCR(M). Then according to (11), we have G 0(g−) ⊆ autCR(M),
as was desired. This completes the proof of the main Theorem 1.1. 
Remark 2.4. It may be worth to notice that since all the automorphisms f ∈ AutJ(G−) fix the identity
element e of G−, then, its associated CR automorphism F ∈ AutCR(M) preserves the origin:
F (0) = Γ−1 ◦ f ◦ Γ(0)
e e 0
= 0.
Therefore, the induced function F belongs to the isotropy subgroup Aut0(M) of AutCR(M) at the origin.
Then, in a more precise manner, we can regard AutJ(G−) as a subgroup of the isotropy group Aut0(M).
This implies the inclusion G 0(g−) ⊆ g0 and consequently we have G 0(g−) = g0 as was expected.
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